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Theoretical analyses are developed for the multiphase deflagration of porous energetic solids, such as degraded
nitramine propellants, that experience significant gas flow in the solid preheat region and are characterized by
the presence of exothermic reactions in a bubbling melt layer at their surfaces. Relative motion between the
gas and condensed phases is taken into account in both regions, and expressions for the mass burning rate and
other quantities of interest, such as temperature and volume-fraction profiles, are derived by activation-energy
asymptotics. The model extends recent work by allowing for gas flow in the unburned solid, and by incorporating
pressure effects through the gas-phase equation of state. As a consequence, it is demonstrated how most aspects
of the deflagration wave, including its structure, propagation speed, and final temperature, depend on the local
pressure in the two-phase regions.

I. Introduction

T HE combustion behavior of energetic materials (e.g.,
solid propellants) has long been of interest in the fields

of propulsion and pyrotechnics. In many such applications, it
is becoming increasingly clear that two-phase flow effects play
an important role, especially since during combustion, most
homogeneous solid propellants develop thin multiphase layers
at their surfaces in which finite rate exothermic reactions oc-
cur. In addition, there is a growing interest in the behavior
of porous energetic solids, since even initially dense materials
can develop significant void fractions if, at any time, they are
exposed to sufficiently abnormal thermal environments. The
deflagration characteristics of such "damaged" materials, with
porosities as high as order unity, may then differ significantly
from those of the pristine material due, at least in part, to
greatly enhanced gas flow in the solid/gas preheat region. The
presence of gas in the porous solid in turn results in a more
pronounced two-phase effect in the multiphase surface layer,
such as in the liquid melt region of nitramine propellants,
which thus tend to exhibit extensive bubbling in an exothermic
foam layer. The present analysis is largely applicable to this
latter class of propellants.

Describing phenomena associated with two-phase flow is
inherently much more difficult than analyzing those occurring
within a single phase. There are, first of all, certain funda-
mental difficulties that generally require the formulation of
constitutive relations in order to obtain a closed model.1-2

Second, but of even greater significance from the standpoint
of analysis, is the fact that the degree of nonlinearity in any
model is increased by the appearance of appropriate volume-
fraction variables that multiply each quantity associated with
a particular phase. As a consequence, much of the early two-
phase work in this area tended to treat the two-phase medium
as a single phase with suitably "averaged" properties.3-4 This,
in effect, requires the velocity (and temperature) of each phase
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to be the same, precluding many of the predominant effects
associated with combustion processes that involve two-phase
flow.

We have recently addressed some of these concerns in sev-
eral papers.5"7 To be able to focus clearly on the effects of
two-phase flow, the description of the chemistry was delib-
erately simplified. In particular, a one-step exothermic pro-
cess

R(c) -> P(g) (1)

was considered in Refs. 5 and 6, where R(c) is the condensed
(liquid) reactant, and P(g) is the gaseous product. Thus, each
phase is a pure species, and gas-phase reactions were either
neglected or assumed to be remote, as was the solid/liquid
interface. In Ref. 7, a more elaborate mechanism, motivated
by knowledge of nitramine chemistry and given by

R(c)->P(g), R(c)*»R(g), (2)

was adopted, where R(g) is a gaseous reactant. In each of
these studies, the goal was to clarify certain two-phase effects
associated with different velocities (and in Refs. 5 and 6,
temperatures) for each phase. Though not directly applicable
to propellant deflagration, related two-phase modeling that
accounts for velocity differences between phases has been
used in the study of filtration combustion.8-9

The purpose of the present work is to extend the analysis
of Ref. 5 in several important respects. First, we formulate a
more complete problem that explicitly includes melting of the
unburned solid. Second, we assume that the unburned solid
material has nonzero porosity, resulting in two-phase flow
throughout the preheat and reaction zones. In our previous
work, the effects of two-phase flow were confined to the
reaction zone, which would be equivalent to assuming zero
porosity for the solid in the present model. Finally, the fact
that the gas phase exists throughout the unburned solid/liquid
material leads us to relax the constant-density assumption that
was adopted for the gas in our earlier work. In particular, we
now allow for variable gas density according to a gas-phase
equation of state that allows us to consider the effects of
pressure on the various quantities of interest. These gener-
alizations lead to a number of interesting effects directly at-
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tributable to the influences of two-phase flow.10 For the pres-
ent, we confine our attention to steady deflagration, leaving
the consideration of instability and other nonsteady effects6

for future work.
To put what follows in better perspective, we note that

there have been a number of early investigations specifically
focused on the steady deflagration of porous energetic solids.
The motivation for the work of Kuo and Summerfield,11 e.g.,
was to explain the high deflagration velocities often observed
for porous propellants. The physical explanation of the source
of the increased burning velocity in this model was later clar-
ified by Ermolayev et al.,12 as arising from compressional
heating rather than interphase convective heat transfer, and
our allowance for variable gas density permits inclusion of
effects of this type of heating. Earlier theoretical analyses of
the combustion of porous propellants were published in the
Russian literature and are cited in Refs. 11 and 12. Later
formulations of equations for describing the combustion of
porous materials were motivated, like the present work, also
by the desire to be able to calculate unsteady processes as
well. In that vein, Gough and Zwarts13 presented what, at
that time, was the most logical set of conservation equations
for combustion of porous propellants, excluding detonative
transitions, and they clearly demonstrated inconsistencies in
the equations employed in earlier works. Indeed, in a review
of research performed prior to 1980, Gokhale and Krier14

acknowledge one such inconsistency in a footnote. More re-
cent work by these and other authors has resulted in improved
conservation equations, ultimately leading to the formulation
of Baer and Nunziato,2 which is one that has demonstrated
the capability of calculating many time-dependent effects, in-
cluding the transition from deflagration to detonation, and
that can be considered to be the most general formulation
currently available.

There are many possible pitfalls in attempting to formulate
self-consistent conservation equations for multiphase com-
bustion. For example, in some of the earlier work, there have
been attempts to simplify the problem by ascribing the same
hydrostatic pressure to the gaseous and condensed phases.
However, in Eq. (10) of our previous paper5 we have shown
that if there is interphase mass transfer between two phases
and the average velocities of the two phases differ, then the
average hydrostatic pressures in the two phases must also be
allowed to differ for interface momentum conservation to be
preserved. As the requisite modeling has evolved, such pitfalls
have been recognized and avoided. For example, the ap-
proach in Ref. 13 properly takes into account the pressure
difference between phases, as does the formulation of Baer
and Nunziato.2 For brevity in presenting the formulation em-
ployed here, we do not reiterate the full equations, but instead
give only the simplified forms that will be needed in the sub-
sequent analysis. Thus, e.g., the condensed-phase pressure
will not appear in the following formulation, since compress-
ibilities of condensed phases are negligible for the problems
addressed here.

II. Formulation
A sketch of the physical problem is shown in Fig. 1. In an

unconfined environment, the unburned porous solid lies gen-
erally to the left, and the burned gas products lie to the right.
The two are separated by a deflagration wave that moves
from right to left, converting the former into the latter. The
structure of the combustion wave consists of a solid/gas pre-
heat region, the melting surface that marks the left boundary
of a liquid/gas preheat region, and a relatively thin exothermic
reaction zone in which chemical reaction occurs according to
Eq. (1). In what follows, we will restrict attention to one
spatial dimension x, and use the subscripts s, /, and g to denote
solid, liquid, and gas-phase quantities, respectively. The po-
rous solid thus extends to x = -<*>, where conditions are
denoted by the subscript u, while the product gases extend

Fig. 1 Deflagration of a porous energetic material with two-phase
flow in both the solid/gas and liquid/gas regions, with combustion
occurring in the latter. The lower figure is a blowup of the multiphase
"flame" structure, consisting minimally of ® a preheat zone con-
taining a melting front across which the porous solid changes into a
bubbly liquid, or foam and <D a thin liquid/gas reaction zone. Addi-
tional gas-phase reactions, suppressed in the present work, may occur
in a secondary gas-flame region (D downstream from the primary two-
phase reaction zone (D.

to x = +°°, where conditions are identified by the subscript
b. The appearance of a tilde over a symbol (e.g. , x) will denote
a dimensional quantity.

The governing system of equations consists of conservation
equations for continuity, momentum, and energy in the two-
phase solid/gas and liquid/gas regions to the left and right of
the melting surface x = xm. Denoting the gas-phase volume
fraction by a, continuity in the region x > xm is expressed
separately for the liquid and gas phases as

[(1 - — [(1 - a
ox

xm

= Ap,(l -

(3)

(4)

where p, M, 71, and i denote density, velocity, temperature,
and time, respectively. For simplicity, we will assume a con-
stant value for ph but not for pr As discussed in Ref. 5, the
evaluation of the Arrhenius reaction rate is based on condi-
tions (e.g., temperature) in the liquid phase, and may be
interpreted as a contribution to a constitutive relation for that
medium. In that expression, E, is the overall activation en-
ergy, R(] is the universal gas constant, and A is the exponential
reciprocal-time pref actor which, for simplicity, will be as-
sumed constant. For this type of global kinetic modeling,
however, it may be reasonable to assign a pressure, as well
as a temperature dependency to A. Finally, in place of Eq.
(4), it is convenient to use the overall liquid/gas continuity
equation, obtained by summing Eqs. (3) and (4) as

-~ [(1 - a)p, + apj + — [(1 - a)p,u, + apgug] = 0

x > xm (5)

In the solid/gas region x < xm, we assume for the solid phase
a constant density py and zero velocity (u, = 0), with a =
a, also constant in this region. Gas-phase continuity for x <
xm is thus independent of the solid phase and is given by

xm (6)
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Conservation of energy for each phase in the liquid/gas
region is given by

~[p,c,(l ~ a)T,] + [P/<W(1 - a)?/]

- - I A,(l - a) -^ | = QAp,(l - a)exp(-j

Klg(Tg - f,), (7)

r)

-.
r)

- - *

+ (8)

where c, A, and p denote heat capacity (at constant volume
for the liquid, and at constant pressure for the gas, both
assumed constant), thermal conductivity and pressure, re-
spectively, <2 is the heat release for the global reaction (1) at
temperature fh and Klg is an interphase heat-transfer coef-
ficient.5 Because of the small Mach number and the small
ratio of gas-to-liquid densities in the problems to be consid-
ered, no terms involving the liquid pressure p, appear in Eq.
(7), and the gas pressure pg depends only on t in Eq. (8).
We remark that the term involving pg arises from the contri-
bution to the rate of change of the internal energy of the gas
from the sum of the rate of surface work - d(augpg)ldx and
the rate of volume work -pgda/di performed by the gas.
Relating the internal energy eg of the gas to its enthalpy hg
according to the thermodynamic identity eg = hg — pglpg
then results in the first term on the right-hand side (RHS) of
Eq. (8).

As in the case of overall continuity, we will use in place of
Eq. (8) the overall liquid/gas energy equation [the sum of
Eqs. (7) and (8)], and, in addition, use liquid-phase conti-
nuity, Eq. (3), to eliminate the reaction-rate terms in this
equation and in Eq. (7). Thus, in place of Eqs. (7) and (8),
we have the liquid and overall energy equations

- a)(Q Of,)]

af,
~

_a_
dt

ax

A
dx

dx

c,T,)

c,f,) + pc uaT ']

^TI ~ a^l dPga) — • + X-a — - + a -^,
dx * dx J dt

x > xm

(10)

In a similar fashion, conservation of energy in the solid/gas
region is expressed as

--

T; - f,),

- a,)t, +

<

af.
= - A f(l - «,) — +a* I v a*

d_
" a*
at;
a*

(11)

+ a, —, jc < xmdt

(12)

where Eq. (12) describes overall energy conservation and is
obtained by summing Eq. (11) for the solid and the corre-
sponding equation for the gas phase.

Although analogous equations may be written for momen-
tum conservation, they do not need to be introduced explicitly
for the present class of problems. As remarked above, the
approximation of small Mach number implies that the gas
pressure pg is independent of the spatial coordinate. The gas
is assumed to be ideal, where pg is coupled to the other field
variables through the gas-phase equation of state

pg = pgR(}TJWg (13)

where Wg is the molecular weight of the product gas. Con-
sideration of condensed-phase momentum leads, in principle,
to an equation for the liquid-phase velocity u^5 This, however,
introduces considerable additional complexity into the prob-
lem and involves introducing momentum-transfer parameters
and other quantities that are difficult to determine. Accord-
ingly, early studies3-4 tended to invoke the simple assumption
that condensed- and gas-phase velocities were identical; i.e.,
u, = ug. More recent work, however, has shown that such an
approximation not only violates order-of-magnitude estimates
made in momentum conservation,5 but also fails to account
for potentially significant phenomena associated with con-
vective enthalpy transport by the gas relative to enthalpy
transport in the condensed phases.10 On the other hand, the
approximation that the condensed velocity equal the con-
densed mass burning rate divided by the condensed-phase
density is consistent with momentum conservation in the ab-
sence of viscous and surface-tension-gradient forces.5 In the
present context, this implies that, since us = 0

(14)

where dxm/di < 0 is the (unknown) propagation velocity of
the melting surface. When these forces are present, viscosity
tends to increase u, (since ug > M/), whereas surface-tension
gradients tend to decrease uf. Order-of-magnitude estimates
suggest that the former effect is negligible, while the latter
may be more pronounced,5 leading to a decreasing evolu-
tionary dependence of u, with respect to the volume fraction
a. Postulating this dependence to be linear, Eq. (14) may be
generalized according to

t
where an expression for the parameter s > 0, representing
the difference between Marangoni and viscous effects, was
derived previously.5 For simplicity, and because of uncer-
tainties in values of surface tensions, we will mainly confine
our attention in the present work to the case 5 = 0, although
certain results for s =f= 0 will also be given.

The above equations now constitute a closed set for the
variables a, ug, fh fg, Ts, pg, and pg. The problem is thus
completely determined once initial and boundary conditions
(including interface relations at x = xm) are specified. In the
present work, we will not be concerned with the initial-value
problem, but only the long-time solution corresponding to a
steadily propagating deflagration. Thus, the required bound-
ary conditions are given by

a = as for x < xm

0, f->ts^fl{ as

as

(16)

+0° (17)

where the burned temperature fh is to be determined, and
the boundary condition on pressure implies that/7^ = pg every-
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where. Finally, denoting by ± superscripts quantities eval-
uated at x = xfn, the continuity and jump conditions across
the melting surface are

T- = f;, f- = TV = T,,, (19)
conservation of condensed- and gas-phase mass fluxes

' f l ' + - ! (20)

and conservation of condensed- and gas-phase enthalpy fluxes

dT,
-7Tdx dx = 0

(22)

(23)

where ys is the heat of melting of the solid at temperature
71 = 0 (yv being negative when melting is endothermic). From
Eqs. (15), (20), and (21) we obtain the relations:

an:; — avua = —- (24)

a + (l - a + ) (25)

In the limit 5 = 0, Eqs. (24) and (25) reduce to the statement
that a and UK are continuous across x — xm.

III. Nondimensionalizations and the
Steady-State Problem

In the present work, we will confine our attention to the
case of a steadily propagating deflagration that propagates
with the (unknown) speed U = —dxm/dt, which is a con-
venient characteristic velocity for the problem. Assuming con-
stant values for heat capacities and thermal conductivities, we
then introduce the nondimensional variables

x,
A, (26)

pg = ~

where p1^ = p^W^/R(}flt denotes the gas density at the un-
burned temperature tu. In addition, the nondimensional pa-
rameters

Ps Ps' A,' A/ cs

Cy s cJTj csTj sg plc2
sU2

are defined. It may be remarked that A is the appropriate
burning-rate eigenvalue, the determination of which will pro-
vide the propagation speed U.

Transforming to the moving coordinate f = x + t, whose
origin is defined to be xm, and introducing the above nondi-
mensionalizations, steadily propagating deflagrations for the
problem formulated in Sec. II will be determined as solutions
of the steady eigenvalue problem

+ 1)] = 0, f < 0 (28)

— [/•(! - «)(«, + 1) +

1)] = -

>0

(1 - «.) - =

(ug + 1)] = 0, f > 0 (29)

L(! - a)exp \N ( 1 - j,

(30)

tsg(Tg - T,), £ < 0 (31)

•£'
; - r,), > o (32)

(33)

*' \)PgTg

>0

w, - (l/r)(l - r - so)

subject to the boundary conditions

a = as for £ < 0

wg -» 0, Tg -» T,. —> 1 as f -»

a —> 1, 71, —> Tg -» rfo as £ —>

and the melting-surface (f = 0) conditions

T~ = TV = rw, r~ = r+
a + (u+ + 1) = cts(u~ +1), OLS — a+ = ,

dr.

dT,

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

= -(!-«,)%

(42)
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We remark that Eqs. (28-30) were obtained directly from
the continuity Eqs. (3), (5), and (6), and Eqs. (31-34) were
obtained from Eqs. (9-12) using the gas-phase equation of
state (13).

Thus, the final model for steady, planar deflagration that
has been derived is given by Eqs. (28-42). An important and
realistic limiting case, which results in some additional sim-
plification, is to consider the limit of infinitely fast interphase
heat transfer (i.e., KsgJ Klg^ oo). In that limit, Eqs. (31) and
(32) imply that Ts = Tg= T in the region f < 0, and T, =
Tg = T in the region £ > 0. The model then reduces to a
single-temperature model, which is analyzed in the next sec-
tion. The case of large, but finite, values of the interphase
heat-transfer coefficients, which permit separate tempera-
tures for each phase, is then considered in a subsequent sec-
tion. Both cases will be analyzed in the limit of large activation
energy (N » 1).

IV. Analysis of the Single-Temperature Model
In the limit that Ksg and Klf, are both infinite, the model

(28-42) reduces, in the limit s = 0, to a subproblem written
in terms of the single temperature variable T that denotes the
common temperature of all phases at a given spatial location.
In particular, we obtain in this limit the reduced problem given
by

= 0, f < 0 (43)

^ (1 - «) + ra j, (ug + 1) = 0, f > 0 (44)

a)exp ^-(!-«)= -rA(l -

- «.) + tBa. (ug + 1)

-5

- [(1 - a)(Q + bT) + fba(ug + 1)]

subject to

(46)

r-> 1 as

Tb as + 00

a; = as, u(, continuous at

(47)

(48)

(49)

= 0 (50)

(1(1 - a,) + la,] - (1 - a, + las) —
0+ 6

- l)Tm] (51)

where the overall enthalpy-flux conservation condition (51)
is obtained from the sum of Eqs. (41) and (42), and where
the final burned temperature Tb and the flame-speed eigen-
value A are to be determined.

The solution in the region f < 0, where chemical activity
is absent, as well as expressions for Tb and ug-^ = ug\€=Xl, are
obtained as follows. From Eqs. (43) and (48), we have

and hence, ug\€=Q = Tm - 1. Equations (44) and (50) then
imply

T, (53)

which, upon evaluation at £ = oo, determines ug^ in terms of
Th through Eq. (49) as

(54)

Turning attention to the energy Eqs. (46) and (47), we may
readily perform a single integration and use Eqs. (52-54) to
obtain

as(rb - < 0

(55)

{b(\ - a) + b[a + as(r - 1)]}T = [1(1 - a) + la]

- (1 - a)Q + b[l + as(r - l)]Tb, £ > 0 (56)

A second integration of Eq. (55) then implies that

(Tm - l)exp

which, from Eq. (52), also determines ug(g) in the region f
< 0. In addition, subtracting Eq. (55) evaluated at £ = 0~
from Eq. (56) evaluated at £ = 0+ and using the jump con-
dition (51), we obtain a relation for Th given by

- as)(Q rbas
b ~ b[l + a,(? - 1)]

which, from Eq. (54), determines ug^ as

ii,,, = (rb)~l(l - as)(Q + 1 + y, - rb) (59)

It can be shown by means of similar manipulations that iden-
tical results (58) and (59) are obtained from the two-temper-

UK + 1 = T, < 0 (52)

Fig. 2 Final burned temperature Tb as a function of the gas-to-solid
density ratio r, where the latter is proportional to the gas-phase pres-
sure, for several values of the initial gas-phase volume fraction as.
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1.0
8.0

= -0.5

Fig. 3 Final gas velocity ug^ as a function of f for several values
of a,.

ature model (28-42), and so the burned temperature and final
gas velocity are independent of the rate of interphase heat
transfer.

The expressions (58) and (59) indicate that there are sig-
nificant variations of the final burned temperature and gas
velocity with pressure, since these quantities depend on the
gas-to-solid density ratio r, which in turn is proportional to
p" according to

(60)

Plots of Th and ug^, as a function of r for several values of
ay, are shown in Figs. 2 and 3, respectively.

In order to determine the burning-rate eigenvalue, we must
complete our analysis of the liquid/gas region f > 0. In this
regard, Eqs. (45) and (56) constitute two equations for Tand
a: in this region, with ug then determined by Eq. (53) and the
eigenvalue A determined by the boundary conditions. In order
to handle the Arrhenius nonlinearity, we exploit the largeness
of the nondimensional activation energy N and analyze the
problem in the asymptotic limit N » 1.

In the limit N —> °°, all chemical activity is concentrated in
a very thin region where T is within 0(1A/V) of Tb. Denoting
the location of this thin zone by gr > 0, we see that the semi-
infinite liquid/gas region is comprised of a preheat zone (0 <
f < £,.), where chemical activity is exponentially small, the
thin reaction zone where the chemical reaction goes to com-
pletion, and a burned region f > £r. Thus, we conclude from
Eq. (45) that

and from Eq. (53)

T - 1
asf)Th - 1 =

(62)

V (63)

Since Tis within 0(1 W) of Tb in the reaction zone, the analysis
of this thin region requires the use of a stretched coordinate
(see below). As a result, T is continuous with respect to the
0(1) outer variable £ at £ = £., and thus, the gas velocity
jumps across £ = £. by the amount

which is positive assuming the gas density is less than that of
the unburned solid (i.e., r < 1). Finally, using Eq. (62), Eq.
(56) may be integrated a second time to completely determine
the outer temperature profile

1 + (T,,,

B + (Tm - 5)exp

.. I"1 + <*«(& ~ *) /I1)expli + < , ( / -1)4
?(1 — qv) + r£qv 1
/(I - a,) + /a, ^J'

0 < £ < (65)

where 7 is the ratio of specific heats for the gas. This important
effect arises from the two-phase nature of the flow, coupled
with the thermal expansion of the gas and the porosity of the
solid, both of which strongly influence the degree of gas-phase
convective transport of enthalpy relative to the reactive con-
densed phase. In the limit p(

g —» 0 (i.e., r —> 0), we see that
u^x —> °° and Th -> rjj, where

rg - (i/6)(Q + i + 7,) (61)

Since there is effectively no gas-phase enthalpy content in this
limit, 71" is also the value of Th in the limit of zero porosity
(as —> 0). Indeed, in dimensional terms, fb = (csfu + Q +
7A.)/cg, which is equivalent to that obtained in Ref. 5, where
zero porosity of the condensed material was assumed and
thermal expansion of the gas was neglected. For nonzero
values of pressure and porosity, some of the heat released by
the energetic material must be used to raise the temperature
of the nonreacting product gas in the unburned solid from
unity to Tb. Consequently, both Th and the final gas velocity
ug^ are decreasing functions of the nondimensional gas-phase
density r, which increases with pressure according to Eq. (60).

where

rbas

b(\ - as) + fBa,
(66)

and r(f) for £ < 0 was given by Eq. (57). The location f, of
the reaction zone, which appears as a sheet on the scale of
the outer variable f, is thus determined by Eqs. (65) from
continuity of T as

1(1 - a,) + /a,
b(\ - as) + rba,

B
~ B

(67)

The determination of the burning-rate eigenvalue A, as well
as the spatial evolution of the variables a and ug (which are
discontinuous on the scale of the outer variable £), requires
an analysis of the thin reaction-zone region in the vicinity of
£.. We thus introduce a stretched inner variable 17 and a nor-
malized temperature variable 0 defined by

T - I
Th - r (68)
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where

and seek solutions in the form of the expansions

(69)

Evaluating Eq. (81) at a(} = 1 (at which Bl = 0), thus deter-
mines the leading-order coefficient A0 in the expansion of the
burning-rate eigenvalue as

D

a ~ aa + /3-lat + |S"2a2 + •••

M s ~ M , , + ,e-'Ml + r2"2+ •••
0 ~ 1 + £-'0, + ^-26»2 + •••

(70)

(71)

(72)

A,,= '
(T,, - l ) r ( / - / ) " , 1*1

D
(82)

(T,, - . (1 - «.,),

Substitution of this result in Eq. (80) for arbitrary a(, then
completely determines 6t(au) as

/„[/ + (/ - /K] - /„[/ + (/ - /K]\
7"' / „ / - A [ / + (/-o«.i '• ' ^ '

an - «v

1 - a.

(83)

(73)

From Eq. (53), the coefficients in the expansion of ug are
given in terms of the al and 0, according to

as(f - l)]Th -

+ (*>„)(/> - (74)

etc. Substituting these expansions into Eqs. (45) and (56),
collecting coefficients of like powers of /3, and requiring that
the inner reaction-zone solution match with the outer solu-
tions for £ < f, and £> £r then leads to a sequence of problems
for the recursive determination of the coefficients in Eqs. (70-
73). In particular, at leading order the inner problem is given
by

(75)

(76)

subject to the matching conditions

a() —> ay, 0j ~ £17 as 17^ — c

• a 0 — > l , 0, —> 0 as 77 —> + oo

Here, D and £ are defined as

D = (b >^- ~ - 1

(77)

(78)

(79)

where the latter is calculated from Eq. (65).
The problem (75-78) is readily solved by employing a(} as

the independent variable. Thus, using Eq. (75), Eq. (76) may
be written as

(80)
Th -

which is readily integrated from as (at 77 = - oo) to any a() <
1, to give

D
(Th-

da,, (81)

The determination of ^0(17), and hence, 9{(r]), then follows
directly from Eq. (75). For example, when / = / (equal gas
and liquid thermal conductivities), we obtain

exp[/"Z?(l - - 1)] (84)

where the matching condition (77) has been used to evaluate
the constant of integration.

From Eq. (82) and the definition of A [see the last of Eqs.
(27) and Eq . (73)] , the leading-order expression for the dimen-
sional propagation speed U is given by

r(Th - l)Ae~
'/(A,, A7) (85)

where the last factor, which contains the complete depen-
dence of the burning rate on the thermal conductivities, is
given by

A,) =
A,

(86)

in which the second expression for the thermal conductivity
factor/is the formal limit of the first for the case of equal
thermal conductivities of the liquid and gas phases. This factor
collapses to that obtained in Ref. 5 in the limit as = 0 (i.e.,
in the limit of zero porosity of the solid). It is readily shown
that / is an increasing function of both A# and A/, individually
(i.e., df/d\g > 0 and dfldX, > 0 for A?/A, + 1), so that the
propagation speed increases as the thermal conductivity of
either the liquid or the gas phase increases. In addition, the
thermal conductivity of the phase having the higher thermal
conductivity exerts the greater influence on U, because a higher
proportion of the heat is transferred through the more highly
conducting phase. For example, in the limit A//Ag » 1, we
have / ~ A////,[(l - c*6.)A//Aj, whereas in the opposite re-
gime \K/\, » 1, we have / ~ Jig//,,(l/as) for 0 < as < 1.
Finally, we observe that to this leading order of approxima-
tion, U does not depend on the thermal conductivity of the
solid, and thus, the conductivities of the two phases that co-
exist in the reaction zone play the dominant role in deter-
mining the propagation speed. Plots of //A/ vs A?/A/, for
several values of ay, are shown in Fig. 4.

Since Uis exponentially sensitive to the burned temperature
through the largeness of the nondimensional activation energy
TV - E,IR"fh = E,IR()fltTh in Eq. (85), the influence of pres-
sure on the propagation speed is dominated by its effects on
Th (see Fig. 2). Thus, since increases in pressure serve to
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a = 0.85

a. = 0.75

Fig. 4 Dependence of the propagation speed on the gas and liquid
thermal conductivities. Shown is the thermal-conductivity factor/(A^,
A/), normalized by A,, as a function of the gas-to-liquid thermal-
conductivity ratio A^/A, for several values of as.

decrease Th in the present problem because of increases in
the gas density as discussed above, the propagation speed is
exponentially sensitive to changes in pressure.

The above conclusions regarding the propagation velocity
were drawn for the case of equal gas- and condensed-phase
temperatures (resulting from infinitely large values of the in-
terphase heat transfer parameters Ksg and Klg). In the next
section it will be shown how small, but nonzero, temperature
differences between coexisting phases affect these results by
considering the effects of large, but finite, values of the in-
terphase heat-transfer coefficients. It will be seen that this
two-temperature regime can be treated as a perturbation of
the single-temperature model and that the first effects of finite
rates of interphase heat transfer are felt in the two-phase
reaction zone.

V. Perturbation Analysis of the
Two-Temperature Model

Returning to the two-temperature model (28-42), the first
effects of finite rates of interphase heat transfer are felt as a
perturbation of the single-temperature results when Klg is 0(/32),
where /3 is the large activation-energy parameter defined in
Eq. (69). Thus, we introduce scaled versions ktg = k and ksg
of KI,, and Ksg, respectively, as

as noted previously, the burned temperature Th given by Eq.
(58) is independent of interphase heat transfer effects.

To determine the burning-rate eigenvalue A, we again con-
sider the inner reaction-zone problem. We thus introduce the
inner variable 17 defined in Eq. (68), but now we must allow
for temperature differences between the liquid and gas phases
by defining (and expanding) two inner temperature variables
® and ̂  as

(89)

Noting that the relationship (53) for ug remains valid (pro-
vided Tis reinterpreted as TK in that equation), the remaining
variables a and u^, and the eigenvalue A, are then expanded
as before [see Eqs. (70-74)]. The resulting leading-order in-
ner problem obtained from substituting these expansions into
Eqs. (30), (32), and (34) is given by

= rAo(l - oo)*"

dfl,
~

D
TT~dry Th - 1

/ —

subject to the matching conditions

0,

£17 as 17 — > —

0 as 77^+0°

(90)

(1 - «0) (91)

(92)

(93)

where D and £ were defined in Eqs. (79) [with T = T(0) in
the latter, which is evaluated using Eq. (65)]. We observe
that the effects of interphase heat transfer, while absent from
the leading-order outer problem, are felt at leading order in
the inner problem through Eq. (92).

The inner problem defined by Eqs. (90-93) is similar in
form to that obtained in Ref. 5, and the same solution pro-
cedure is adopted here. In particular, having already restricted
consideration to the physically realistic limit of high rates of
interphase heat transfer according to Eqs. (87), we carry this
argument one step further by considering the limit in which
the scaled interphase parameter k itself is large. As a result,
for 1 « k « j8, solutions to the leading-order inner problem
can be sought as expansions in inverse powers of k as

Klg = Ksg = (87)

and seek solutions both outside and inside the reaction zone
as expansions in appropriate powers of p~l. In particular, the
outer solutions are now expressed in the form

(88)

where, again restricting consideration to the case 5 = 0, the
leading-order terms are identical to the (outer) solution given
in the previous section in the single-temperature limit Klg, Ksg
—» °°, and perturbations from that solution enter at the same
order as the order of Klg and Ksg. That is, a(()), uf\ and r(0>
are given by Eqs. (62), (63), and (65), respectively, where,

Bl ~ 0
(94)

A0

where the fact that </>, and 0, are the same to leading order
follows from Eq. (92). Substitution of these expansions into
Eqs. (90-93) then gives a sequence of problems for recur-
sively determining the coefficients in Eqs. (94). The first two
of these problems are given by

- X)

(95)

(96)
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X -» as, 6 ~ Erj,

(97)

T, -» 0 as T? -» -oo (98)

0i -» 0 as 17 -» +00 (99)

- = r[/t(l - X)r, + /*,(! - (100)

, d dr, d / dO\ Xl
? ( ' ' ' * 2

rb(r2 - 02) (102)

as T J ^ - C O (103)

where

D (b ~ Q

as 77 —> + oo

Q
Th - T h - l Tb-l

(104)

(105)

The subproblem defined by Eqs. (95) and (96), and the
matching conditions on x and 6, is identical to the leading-
order problem (75-78) for the single-temperature model. Con-
sequently, the solution for ju,, the leading-order (with respect
to k) approximation for A0, is given by Eq. (82). Similarly,
the solution for 9(x), the leading-order approximation for
both the liquid and gas-phase temperatures (0, and ^), is
given by Eq. (83), with the volume fraction a() replaced by its
leading-order approximation^. The scaled nondimensional ex-
cess TJ - </>j of the condensed-phase temperature over that of
the gas phase is then determined from Eqs. (95) and (97) as

- x)

(/ - 0(1 - x) (106)

Since q2 > q{, Eq. (106) demonstrates that r{ — 4>l is usually
a positive quantity, especially for small gas-phase conductiv-
ities (/ « /), and/or as x approaches unity. This is physically
reasonable since, according to Eq. (7), the heat of reaction
is initially deposited in the condensed phase, and there is now
some resistance to heat transfer. However, in the event that
the gas-phase conductivity were to exceed that of the liquid
(/// » 1), then this temperature difference could become
negative for smaller values of the volume fraction ^ as a
consequence of gas-phase heat conduction from the hotter,
nearly burned portion to the less hot, mostly unburned part
of the reaction zone.

I x" dx .J (i - AC) (AT ~ ««)2

(1 - a,)2 U 1 - X + J X - a,

1 - a.(X ~ «,)"' +

To determine the effects of finite interphase heat transfer
on the propagation speed, we need to calculate the correction
fjil to the burning-rate eigenvalue, which requires a consid-
eration of the next-order problem (100-104). Again trans-
forming to x as the independent coordinate according to Eq.
(95), Eq. (100) may be solved for T,, and the result may be
employed in Eq. (106) to obtain an expression for (f>l. Sub-
stitution of these results into Eq. (101) then produces a linear,
second-order differential equation for x\(x), which when solved
subject to the boundary conditions (98), (99), (103), and (104),
determines ̂ . For simplicity, we illustrate this development
only for the case / = /. Consequently, from Eqs. (82), (83),
and (106), we have

where, from Eqs. (95) and (100), we obtain

~ X
(108)

Then, since Eqs. (95) and (101) and the above expressions
for JJL and 6 imply that

dr.

" (x ~ «,)(! -
= 0

(109)

substituting the preceding expressions for T{ and </>t into Eq.
(109) yields a second-order equation for x\ given by

1 (1
1 - X (X ~ «,)(! - X)2

2a, - 3X)

(110)

The general solution to Eq. (110) is expressible in closed
form as

Xi = (1 - X){(X ~ «*)[c. + g(x)]

+ c2[(x ~ <*S)'»[(X ~ «,)/(! - X)] ~
(111)

where c, and c2 are constants of integration associated with
the homogeneous solution of Eq. (110), andg(^), which arises
from the particular solution, is given by

(112)

g(x) = (
+ i[(l + 3a,)«, - 2(1 + 6a, + 2a^ql\I3(X)

+ i[(4 + 5a,)qt - q2]I4(x) ~ ^M

where the indefinite integrals In(x) are defined as

(X ~ <O2

)!(„ - / - 1)1(1 - «,.)

j\(n
(113)
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for n — 2, 3, 4, and 5. We now observe from Eqs. (111-113)
that the solution for x\ automatically satisfies the boundary
condition that x\ -* 0 as X ~* 1> whereas the condition that
X\ vanish as x ~^ a* determines c2 as

6(1 - (114)

We now may substitute Eq. (Ill) for x\ into the expression
(108) for T!, whereupon the requirement that TT vanish as
X — > as and as x ~^ 1 determines the remaining constant of
integration c, and the scaled correction ̂  to the burning-rate
eigenvalue. In particular, as x approaches unity, the latter is
obtained directly as

which, since always q2 > q{, is less than zero for all as. Con-
sequently, the propagation speed increases as the resistance
to interphase heat transfer increases (i.e., as k decreases, since
the magnitude of the correction to the eigenvalue A0 to leading
order is inversely proportional to /c), consistent with the fact
that this resistance causes the temperature of the liquid phase
to exceed that of the gas, as discussed earlier. That is, the
heat of reaction, which is deposited in the condensed phase,
raises the temperature of this phase over what it would other-
wise be if there were no resistance to interphase heat transfer,
thereby increasing the (liquid) temperature-sensitive reaction
rate.

VI. Summary
A multiphase flow theory has been developed for the def-

lagration of porous energetic materials, such as degraded
nitramine propellants, that undergo exothermic reactions in
a liquid layer to produce gaseous products. Both single- and
two-temperature models were analyzed, the latter in a per-
turbative fashion for large, but finite, interphase heat-transfer
coefficients. The combination of porosity and gas-phase ther-
mal expansion was shown to lead to pressure-dependent tem-
peratures, resulting in a significant pressure sensitivity for the
burned temperature, and hence, the propagation speed. For-
mulas for the latter were derived for the case of steady, planar
burning using the method of activation-energy asymptotics.
It was demonstrated that increases in the conductivity of either
phase in the liquid/gas reaction region lead to increases in the
burning velocity, while increased resistance to interphase heat
transfer generally has a similar effect by causing the condensed
phase, where the heat of reaction is initially deposited, to
have a higher temperature than that of the gas.
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